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Dynamics of polymer chain collapse into compact states
D. C. Rapaport∗
Physics Department, Bar-Ilan University, Ramat-Gan 52900, Israel
(Dated: July 14, 2003)
Molecular dynamics simulation methods are used to study the folding of polymer chains into
packed cubic states. The polymer model, based on a chain of linked sites moving in the continuum,
includes both excluded volume and torsional interactions. Different native-state packing arrange-
ments and chain lengths are explored; the organization of the native state is found to affect both
the ability of the chain to fold successfully and the nature of the folding pathway as the system
is gradually cooled. An order parameter based on contact counts is used to provide information
about the folding process, with contacts additionally classified according to criteria such as core and
surface sites or local and distant site pairs. Fully detailed contact maps and their evolution are also
examined.
PACS numbers: 87.15.Aa 02.70.Ns
I. INTRODUCTION
Several decades of protein folding simulation have pro-
duced a substantial body of knowledge about processes
governing molecular collapse from a random denatured
state to a well-ordered and uniquely defined ground state
[1, 2, 3, 4, 5]. Simulations addressing detailed representa-
tions of relatively large molecules over extended time pe-
riods lie close to, or beyond, the capabilities of currently
available computers; consequently, a variety of simpli-
fied models designed to capture particular aspects of the
molecular behavior have been formulated. These mod-
els eliminate much, or even most of the molecular detail,
thereby achieving a major reduction in the amount of
computation required for evaluating the interactions that
govern the behavior. Further reduction in effort is gained
by replacing Newtonian dynamics by one of several forms
of Monte Carlo sampling procedure, and the configura-
tion space available to the molecule is generally reduced
substantially by discretizing the problem and confining
the molecule to the sites of a regular lattice [2, 6, 7].
After imposition of these and other approximations the
connection between the models and the original problem
is at best tenuous, so that it is not always obvious if and
how conclusion arising from such models relate to real
proteins.
Although a full dynamical simulation of a relatively
detailed representation of even a small protein (or part
of a protein) remains a major computational undertak-
ing [8], there is no reason why simplified models cannot
be studied in the continuum with molecular dynamics
(MD) methods. The purpose of the present paper is to
extend an earlier study of this kind [9], that dealt with
helix formation, to address the formation of a series of
more complex native structures; the expectation is that
through such simulations information will emerge about
how structural variation influences the folding process.
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The native structure chosen for study is the cube. The
molecule itself is represented as a linear chain, free to
move in the continuum (subject to specified internal de-
grees of freedom), and the interactions are chosen in such
a way that, in the native low-energy state, the chain is
folded so that its sites form a perfectly ordered cubic ar-
ray. There are numerous ways that a linear path can
wend its way through all the sites of a cubic lattice of a
given size; from this collection, four distinct but conve-
niently described paths have been selected for study. Cu-
bic conformations are not known to occur in real proteins,
but this is not an issue since the purpose of the study is
to examine the effect of the variation of ground-state con-
figuration on folding behavior. As will become apparent
subsequently, the difference between these states directly
impacts both the likelihood of entanglement (misfolding)
and the rate of convergence to the ordered state (correct
folding). This difference is at least partly attributable
to the dissimilar contact patterns: adjacent sites in the
native state involve different proportions of nearby and
more distant (or local and nonlocal) sites when measured
in terms of backbone separation.
In dealing with highly detailed protein models, there
is a problem establishing that the free-energy minimum
of the overall potential function really corresponds to the
known native conformation; given the present state of the
art this is practically impossible, owing to the way po-
tentials are developed and the limited spatial resolution
of experimental structure determination. The alternative
approach, based on a highly simplified description, pre-
serves the underlying tenet of protein structure theory,
namely that the primary sequence determines structure,
but is sufficiently economical to allow complete folding
pathways to be studied. Moreover, the computational
efficiency allows the dynamics of not just a single folding
process to be followed, but an entire ensemble of systems
can be examined, leading to a representative sample of
the kinds of behavior that can arise; the importance of ex-
tensive sampling cannot be overstated, since with a very
small number of samples it is impossible to determine
what is in fact “typical” behavior.
2One reason for choosing a cubic form for the native
state is that a considerable body of work exists on chains
that fold into this overall shape (see [7] and references
therein). The difference is that all such work involves
lattices, primarily using various Monte Carlo techniques;
calculations of this type are carried out at a constant
nominal temperature (the temperature is a parameter
of the Monte Carlo procedure used in deciding whether
to accept randomly generated trial configurations, and
it determines the ability to cross potential-energy barri-
ers). In lattice studies, the potential energy is a sum over
contributions from chain sites that are in contact because
they occupy adjacent lattice sites; the approach to choos-
ing the potential and deciding which site pairs should be
encouraged to form contacts depends on the model, and
typically the interactions are chosen in such a way that
the native state has a substantially lower potential energy
than any other state, even those corresponding to differ-
ent cube packings (in some of these studies, interactions
are selected so that even in the ground state a fraction
of adjacent site pairs would prefer not to be neighbors,
thereby allowing a certain amount of frustration to be
incorporated into the design). The folding behavior has
been found to depend on the gap between this global en-
ergy minimum and the other local minima corresponding
to compact but misfolded configurations. Much of the
lattice work has dealt with cubes having three sites per
edge, corresponding to relatively short chains of length
27. When chains of length 125 were studied by simi-
lar means [7] it was noted that results based on shorter
chains were subject to finite-size effects; in particular,
the energy gap was a necessary but not sufficient condi-
tion for folding, and the presence of a set of core sites,
nonexistent in 27-mers, played a key role in the folding.
While it is possible to debate the merits of Monte Carlo
relative to MD, there is at least one difference that is par-
ticularly important for folding studies. In lattice-based
Monte Carlo, the spatial discretization imposes restric-
tions on the permissible internal rearrangements: con-
figuration changes typically involve the displacement of
a single chain site, or a very small number of adjacent
sites, as in crankshaft-type motion, and all displacements
are based on jumps between lattice sites. There is no
provision for collective movement of more extended sub-
units, a mode of reorganization likely to dominate once
a chain has reached an even moderately compact state,
and clearly such restrictions will have an impact on the
chain “dynamics”. The MD approach is free from any
limitations of this kind and, at least in principle, aims at
a realistic representation of the dynamics.
The goal of the present paper is to extend the ap-
proach used previously [9] for modeling helix collapse to
the study of cubic configurations, with emphasis on how
the folding process is affected by the way the chain is
arranged inside the cube. The main focus of the earlier
paper was on the ability of a chain having a known na-
tive state to actually fold into that structure, within the
course of a simulation of reasonable duration; the obvi-
ous extension of the work is to consider other configura-
tions with different structural features. A helix involves
contacts between sites relatively closely spaced along the
chain, whereas cubic structures involve varying mixtures
of local and nonlocal neighbors, a distinction that is likely
to affect the folding process. The following sections out-
line the techniques, insofar as they differ from the earlier
work, and then proceed to a discussion of the results and
their implications.
II. METHODOLOGY
The model follows the approach described previously
[9] in which the chain is represented as a series of sites
(or masses) linked by bonds of constant length, and the
angles between successive bonds are assigned fixed val-
ues consistent with the desired native ground state; the
only internal degrees of freedom are the dihedral angles
that describe the relative orientations of next-neighbor
bond pairs projected in a plane perpendicular to the
bond between them. The interactions included in the
model involve a soft-sphere repulsion between sites (the
short-range, repulsive part of the Lennard-Jones poten-
tial) that is responsible for the excluded volume of the
chain, and a torsional potential acting along each bond
(except for the first and last bonds) whose minimum cor-
responds to the dihedral angle value in the native state.
Aside from the different bond and dihedral angles as de-
scribed here, all sites are identical. While both of these
interactions appear in more realistic protein potentials,
the present model does not include any of the site-specific
pair interactions that are principal component of poten-
tials used in more detailed protein studies; since there are
no direct interactions between sites, any contact prefer-
ences exhibited by individual sites are entirely due to the
torsional interactions that act along the backbone. Ad-
ditionally, since the presence of a solvent would slow the
computations substantially, the chain resides in a vac-
uum (a characteristic of some more detailed simulations
as well); this also avoids the need to decide on the level
of detail used to describe solvent effects. At a qualitative
level, omissions such as these should not prevent simpli-
fied models from providing insight into the underlying
dynamics of folding.
The MD approach used for the simulation involves re-
cursive techniques for dealing with the internal degrees
of freedom, while the integration of the equations of mo-
tion (for translational, rotational and internal motion) is
based on the leapfrog algorithm; the technical aspects of
computations of this kind have been addressed at length
elsewhere [9, 10] so that the details need not be repeated
here. The chain is initially heated to comparatively high
temperature to produce a random configuration, and is
then cooled very slowly by reducing the kinetic energy
by a constant factor at regular time intervals. The first
stage of the cooling process is designed to extract energy
from the chain and leave it trapped in a free-energy well
3– preferably, though not always, one from which the na-
tive state is accessible – from which escape is unlikely;
the second stage is intended to freeze the configuration
by eliminating, or at least weakening, the soft modes
that correspond to the low-frequency collective motion
present even at low temperature, so that measurements
of the properties of the configuration eventually reached
are relatively free from the effects of thermal fluctuation.
As in the helix studies [9], the cooling rate is chosen
empirically, and is dependent on chain length. In order
to allow comparison of the different native-state chain
arrangements, the same cooling rate is used in all cases.
The rate value is chosen to differentiate clearly between
the varying levels of ability to find the correct folding
pathway to the native states; cooling too fast will allow
none of the chains to fold properly, while excessively slow
cooling will result in a situation where there are practi-
cally no unsuccessfully folded chains.
As an alternative (not explored here) to gradual cool-
ing, the simulation could be carried out at constant tem-
perature, using appropriate MD techniques, with a tem-
perature value chosen to achieve a reasonably rapid fold-
ing rate while avoiding the excessive entanglement re-
sponsible for misfolding. Such results would produce a
long-tailed (or open-ended) distribution of folding times,
so that ensuring adequate configuration sampling is likely
to demand much longer computation times than the ap-
proach based on cooling. The information produced con-
cerning the comparative folding abilities of different na-
tive configurations and the behavior observed along the
folding pathways should be similar, although timescales
will differ due to the way temperature is involved.
The initial angular velocities associated with the dihe-
dral angles are randomly assigned; changes to the seed
used for initializing the random number generator lead
to entirely different folding scenarios. Since it is nei-
ther possible, nor particularly meaningful, to describe at
length the detailed histories of each of the large number
of runs carried out, time-dependent ensemble averages
over the collection of histories are evaluated. In some of
the analyses described below the results are divided into
two groups, runs that produce successful folding and runs
that become trapped in a misfolded state; other kinds of
analysis apply to either the entire set of runs or just the
successful folders. While the results could be divided
according to other criteria, that based on successfully
completed folding is the most directly relevant.
Chains of length 64 and 125 have been studied; these
chains can be packed into cubic states with four and five
sites per edge, respectively. In terms of the reduced unit
of length, chosen here (as usual) to be the parameter
σ of the Lennard-Jones interaction (which, for the soft-
sphere case, is slightly less than the sphere’s effective di-
ameter) the length of the fixed links between neighboring
chain sites is 1.3; this bond length is sufficiently short to
prevent self-intersection, while allowing physically larger
molecules than if adjacent spheres were actually touch-
ing. A chain of N sites has N − 1 links and, since tor-
sional motion is not associated with the two end links,
N − 3 internal degrees of freedom. Bond angles are fixed
at either pi/2 (right angle) or 0 (parallel), depending on
the location in the native-state cube; to ensure that all
bonds are treated equivalently, torsional motion is asso-
ciated with bonds even when successive bonds are in the
same direction. The torsional potential is the same sinu-
soidal function used in the helix studies, with the energy
minimum located at the native-state dihedral angle for
each individual bond.
The runs are of length 106 and 1.5 × 106 time steps
for the N = 64 and N = 125 chains respectively; the
size of the time step is 0.004 in reduced units. Cooling is
accomplished by scaling the instantaneous kinetic energy
every 4000 steps by factors of 0.97 or 0.98 for the shorter
and longer chains, a larger factor implying slower cooling.
This results in a kinetic energy fall from an initial value of
approximately 4 (per degree of freedom, in reduced units
defined in terms of the soft-sphere potential) to a final
value of 2×10−3 (the sum of potential and kinetic energy
first becomes negative about a tenth of the way through
the run); by comparison, the potential energy per dihe-
dral angle is −5 in the ground state. A total of 400 runs
are carried out for each type of native state and chain
length; measurements and configurational snapshots are
recorded at suitable time intervals.
The four kinds of chain organization used for the na-
tive states are shown in Fig. 1; here, for clarity, the chains
appear as continuous tubes, whereas in actual fact each
chain consists of a series of closely-spaced spheres joined
by bonds of fixed length (an example of this representa-
tion is shown subsequently). In the orientation shown,
the cubes are filled one complete horizontal plane at a
time; the configurations shown are for N = 125, the or-
ganization for N = 64 chains is similar, after allowing
for the smaller cube size. The differences between the
configurations relate to the manner of filling the planes
and the relationship between adjacent planes. Two of the
cases, labeled A and B, are based on zigzag (or antipar-
allel) patterns, the other two, C and D, are spirals. The
other difference is the relation between the fill patterns of
successive planes: the two zigzag configurations consist
of rotations (A) and reversals of the fill pattern (B); the
two spiral patterns consist of spirals that rotate in alter-
nate directions (C) and spirals that continue to rotate in
the same direction (D). In all cases, the chain terminal
sites lie on the outer faces of the cube. There are nu-
merous other possible patterns (some more readily char-
acterized than others), in particular, patterns that are
not restricted to filling a single plane at a time (such as
the three-dimensional Hilbert curve), but the present as-
sortment is already sufficient for displaying a wide range
of behavior. The filling sequences create a distinction
between “secondary” (each plane) and “tertiary” (the
entire cube) structural features which some alternative
pathways through the cube might not exhibit. Fig. 2
shows an early, essentially random state from one of the
runs after the chain has been heated to erase memory of
4FIG. 1: Native-state configurations for cubes with five sites
per edge; for ease of visualization the chains are shown as
continuous tubes.
FIG. 2: Typical random early state (type D configuration);
the chain is shown as a sequence of linked spheres.
the initial state; here a ball-and-stick representation is
used to show the actual chain design.
III. RESULTS
The analysis focuses on a selection of configurational
averages and distributions that characterize the time-
dependent behavior of the chains as folding progresses.
Some quantities will turn out to be sensitive to the or-
ganization of the native state, namely the way the cube
is packed, others less so. Although averaging merges the
details of individual folding histories, it does facilitate
the extraction of key aspects of the behavior that are
contained in what is sometimes widely scattered data;
the spread of the distributions, where shown, provides
an indication of the inherent variability of the behavior.
A. Folding success rate
Ultimately, the only truly reliable test of whether
a configuration has folded successfully is based on vi-
sual examination, but while this technique has been em-
ployed, it does not offer a reasonable approach for de-
scribing large sets of configurations. Furthermore, owing
to residual thermal fluctuations, the separation between
sites that are deemed to be within contact range will
usually exceed the value applicable to a perfectly formed
cube, and this flexibility must be accommodated by the
analysis. A corresponding difficulty does not arise in lat-
tice studies, where the existence of a contact requires the
sites to be neighbors on the lattice in which the chain is
embedded.
The automated decision scheme introduced here to
classify the chain states employs two defining parameters.
The first is a factor φmultiplying the bond length that es-
tablishes the maximum contact range. Visual inspection
suggests φ = 1.3; this excludes essentially all false posi-
tives but can underestimate the success rate by omitting
some slightly misaligned but otherwise correct configura-
tions – small thermal vibrations (generating concertina-
like modes that produce slightly nonparallel layers, or
minor deviations from planarity within the layers) are
permitted energetically since the cost is comparatively
low. Raising the value to φ = 1.4 improves the situation
by capturing most of these configurations, but allows a
small number of false positives. The second parameter
is the minimal fraction of site pairs that must satisfy the
distance criterion for the chain to be regarded as success-
fully folded. Here a value of 0.8 is used, and this fraction
must appear in at least one configuration during the fi-
nal 120 time units (amounting to a few percent) of the
run; in practice, once this value is encountered, a high
contact fraction is normally maintained throughout the
remainder of the run.
The fractions of chains of each type that fold success-
fully over the entire set of runs are summarized in Table I.
The results are ranked in descending order; this order has
also been used to assign labels to the native-state con-
figurations. The success rates for both values of φ are
shown; the difference is either zero or quite small. Thus,
5TABLE I: Folding success rate for the different native-state
configurations and chain lengths (N); the results are based
on a contact-range factor φ = 1.3 (the results for φ = 1.4 are
shown in parentheses).
Configuration N = 64 N = 125
A 0.92 (0.92) 0.81 (0.86)
B 0.78 (0.81) 0.48 (0.53)
C 0.80 (0.80) 0.40 (0.40)
D 0.51 (0.53) 0.11 (0.12)
for practical purposes, the results are insensitive to the
choice of φ in this range, and a value of φ = 1.3 will be
used when required in subsequent analysis.
For each configuration type the success rate is lower
for the longer chains, but for both cube sizes there is a
significant, systematic variation that depends on the or-
ganization of the native state. The most successful folder
is type A, which consists (see Fig. 1) of successive zigzag
layers in a crossed alignment. Relatively similar suc-
cess rates are achieved by types B and C, which are the
antiparallel (or reversed-direction) zigzag layers and the
reversed-direction spirals; the common feature of both
these configurations is that successive layers are mirror
images of one another (leading to prominent features in
the contact maps discussed later). Finally, the least suc-
cessful folders are those of type D, in which the spirals,
both increasing and decreasing, have all their turns in
the same direction. The fraction of successful folders as
a whole depends on the cooling rate and, as indicated
earlier, the rates were chosen to allow differentiation be-
tween the different chain types; the effect of alternative
cooling rates is demonstrated in [9] for the case of helix
folding, and cubes respond in a similar manner.
Fig. 3 shows examples of misfolded states, one for
each chain type; much of the correct native structure
is present, but a very small number (as small as one) of
incorrect twists leads to the wrong overall organization.
Visual examination of numerous final states leads to the
conclusion that while all correctly folded chains are alike,
each incorrectly folded chain is incorrect after its own
fashion. One could attempt to classify incorrect folds: in
the helix study, most misfolds were due to a single incor-
rect twist, while here, an example of a clearly identifiable
misfold involving just a single twist is the case in which
an outer layer is rotated out of alignment and jammed
against one of the other faces of the cube. However, it
is not apparent that any useful purpose would be served
by a systematic search among the misfolded states for
common structural motifs. Residual thermal vibration
was the reason given earlier for failing to identify states
as correctly folded; an example of a folded configuration
representing a borderline case is shown Fig. 4.
FIG. 3: Examples of misfolded states, one for each type of
configuration.
FIG. 4: A successfully folded configuration (type B) subject
to the effects of thermal vibration.
B. Energy and radius of gyration
The most familiar global properties of flexible chain
molecules are the internal energy and the radius of gyra-
tion (another quantity familiar from chain-configuration
studies, the mean-square end-to-end separation, does not
convey sufficient information to be useful for analyzing
folding). The distance of each of these quantities from
the known native-state value provides an averaged mea-
sure of the deviation of the current chain state from the
ordered configuration, without any attempt at character-
izing the precise form of this deviation. These quantities,
unlike some more specific measures described later, also
correspond to properties that, at least in principle, are
measurable (by calorimetry and light scattering) in the
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FIG. 5: Mean internal energy (normalized) vs time for suc-
cessful and unsuccessful folders of all configuration types for
chains of length 125 (reduced units are used).
laboratory.
The graphs of normalized internal energy (the only
interactions incorporated in the model, apart from ex-
cluded volume which makes a very small contribution,
are the torsional terms) are shown in Fig. 5 for N = 125;
since the energies are negative the magnitudes are shown.
The overall average for each of the four sets of configu-
rations is plotted as a function of time, with separate
curves used to distinguish the averages for successful and
unsuccessful folders (using the definition of success given
above). It is clear from the graph that there is very little
to separate the different sets of data, implying that en-
ergy is not a useful distinguishing factor for these studies.
Examination of the full energy distributions (not shown)
reveals the spread in values to be very narrow. As will
become apparent subsequently, the internal energy ap-
proaches the limiting value of the folded state well before
other quantities achieve convergence.
An overall measure of the compactness of the configu-
ration is provided by the radius of gyration; it is defined
as the root-mean-square distance of sites (assuming all
to have the same mass) from their mutual center of mass
(if the shape deviates significantly from spherical – or cu-
bical – symmetry, then it might be necessary to consider
the individual moments of the mass distribution, but this
is not the case here). The mean radius of gyration is
shown in Fig. 6, again with separate curves for successful
and unsuccessful folders of each configuration type. The
results are normalized relative to the correctly folded col-
lapsed state, which for a bond length of 1.3 has the value
10.14 for a packed cube of size five (6.34 for size four).
The results exhibit some degree of spread over much of
the run duration, reflecting different collapse rates, but
the final results are very closely spaced.
A common feature of the results in Fig. 6, for all con-
figuration types but more pronounced in some cases, is
that the unsuccessful folders appear to collapse somewhat
more rapidly during the initial stage of folding, only to
0 2000 4000 6000
0
5
10
15
 
time
ra
di
us
 o
f g
yr
at
io
n
FIG. 6: Mean radius of gyration (normalized) vs time for
successful (solid curves) and unsuccessful (dashed) folders of
all configuration types for chains of length 125.
be overtaken later on by the chains that do manage to
fold correctly. There is very little difference in the final
mean values for the different configurations and folding
outcomes. The actual distributions of values (not shown)
are fairly narrow, but do reveal additional details; for ex-
ample, the distribution at the end of the runs for type C
configurations consists of a pair of narrow partially over-
lapping peaks, although the combined peak width is no
greater than for type D with only a single peak. Since
it follows from Fig. 6 that the range of actual (unnor-
malized) mean values is less than the site diameter it is
apparent that, as with the internal energy, the radius of
gyration is of little help in differentiating between sets
of correctly and incorrectly folded states (the more ex-
treme cases of misfolding make only a small contribution
to the mean). Though the radius of gyration converges
less rapidly than the energy, it is already close to its lim-
iting value at a time when other chain properties (see
below) are still undergoing substantial change. This ini-
tial collapse to a relatively compact state, followed by
a (sometimes successful) search for the route to the na-
tive folded state, is also a feature of lattice Monte Carlo
studies [7]; however, given the continuity of configuration
space in the MD approach, it is likely that MD will be
more effective in rearranging a chain once it has reached
a semi-compact state.
C. Contact formation
The study of properties based on the local environ-
ments of the chain sites provides an alternative to the
global measures of energy and conformation considered
above. An order parameter S that measures the proxim-
ity of a configuration to its native state can be defined
in terms of the fraction of site pairs forming contacts in
the native state that lie within contact range – with the
separation factor φ introduced earlier used to determine
7FIG. 7: Contact pair fraction S vs time for all configurations
(A to D ordered vertically) and cube sizes (4 on the left, 5 on
the right); in each of these and subsequent plots of a similar
kind, the time axis runs along the lower left edge of the grid,
the value of the quantity whose distribution is being measured
along the right edge, and the distribution at each instant is
normalized.
which pairs qualify (for a chain whose native state is a
cube with n sites per edge, the maximum number of con-
tacts is the number of lattice bonds n(n−1)(3n−2) minus
the number of chain bonds n3−1). The time dependence
of S is shown in Fig. 7. Here, and subsequently, surface
plots are used to display these time-varying distributions
in compact fashion. The fraction of successful folders cor-
responds to the area under the peak in the region close
to unity near the right corner of the grid; unsuccessful
folders contribute to lower values. Clearly, the behavior
of S depends not only on chain length but also on the
cube packing. In some cases, the S distribution becomes
bimodal in the course of the folding process, with the two
peaks corresponding to chains that do and do not manage
to fold successfully (S ≈ 0.8 is the minimal value exhib-
ited by a folded chain, in which a fraction of the pairs
that should be classified as being in contact is temporar-
ily out of range due to thermal fluctuations); in other
instances, a single broad peak encompasses both folded
and misfolded configurations, and its position depends
on the configuration type.
An alternative approach to describing the degree of
contact formation that avoids the need for the factor φ
is based on measuring the separation distribution of site
pairs that should lie within contact range. The results are
FIG. 8: Separation of site pairs that are in contact when in
the native state vs time (the sequence of plots is the same as
in Fig. 7).
shown in Fig. 8; in those cases where multiple peaks oc-
cur, it is the narrow peak located at the lowest value that
corresponds to correctly positioned neighbors, with peaks
at larger separations showing the distance distribution of
those site pairs that are unable to position themselves
correctly; the graphs include all chains, both folders and
non-folders, with both kinds contributing to the various
peaks, although in different proportions.
Contact formation between particular site pairs can
be selectively studied by classifying the sites into differ-
ent categories and evaluating the average behavior for
each category. One such classification, used previously
in lattice studies [7], distinguishes sites belonging to the
exterior surface faces of the cube from those of the in-
terior core. Although the design of the native states of
the chains considered here does not assign any preferred
role to such a core, it does not preclude analysis of the
results from such a perspective. Chains that fill cubes
of size four have a mere eight sites in the core (12.5% of
the sites), but chains filling cubes of size five have a more
substantial core of 27 sites (21.6%). Fig. 9 shows the con-
tact fractions for chains that are able to fold successfully
(the two sets of contact distributions – for core and sur-
face sites – are normalized separately and then combined
in each plot); with the longer chains, it is apparent that
for configurations C and D contacts form, on average, at
different rates and the core sites tend to make contact
with their correct neighbors earlier (separate plots of the
distributions establishes this order). Such behavior is in-
8FIG. 9: Contact fractions for core and surface sites vs time for
chains that fold successfully (plots are organized as before).
dicative of structure (in an averaged sense) nucleating
in the interior and propagating outwards, but it is not
apparent for all chain types and lengths.
An alternative to making the distinction between core
and surface sites is to classify the individual contacts ac-
cording to their role in the structure. All the chain con-
figurations considered in the present work share the com-
mon design characteristic of a native structure built from
a series of planar layers. This suggests dividing the con-
tacts into two classes, those between sites within the same
layer (each layer can be regarded as a secondary struc-
ture element) and those between sites in adjacent layers
(forming the tertiary structure). The results, shown in
Fig. 10, reveal that in all cases (the two contact distribu-
tions have again been combined in each plot) the contacts
within layers tend to form first, followed, after a delay,
by contacts between layers. Furthermore, the formation
of contacts within layers is essentially complete, and the
missing contacts are those that should have appeared be-
tween the layers. The detailed distributions, and espe-
cially the elapsed time between the formation of specific
fractions of intra- and inter-layer contacts, vary substan-
tially with configuration type (and, of course, with chain
length).
The tendency for intra-layer contacts to form first, and
in some instances for the core sites to form contacts ear-
lier, are typical of the kinds of general observations that
FIG. 10: Contact fractions for site pairs within and between
layers vs time for chains that fold successfully.
can be made concerning the folding pathways of simpli-
fied models. There is no component in the potential en-
ergy function that directly prefers any particular feature
over any other (unlike the helix pairs of [9] where the po-
tential favored the prior formation of individual helices
and only subsequently their parallel alignment), so that
this behavior is something that emerges spontaneously
from the model. Owing to the wide variation in possi-
ble pathways, itself a consequence of the many degrees
of freedom of the chain and the resulting high dimen-
sionality of configuration space, it is not obvious how to
further categorize the folding pathways at a higher level
of resolution (by, for example, introducing appropriately
defined “reaction coordinates”). In particular, it does
not seem possible to establish the existence of “funnels”
in configuration space that are traversed by a relatively
large proportion of pathways; whether such a concept is
useful (except in certain very specific cases) is question-
able, indeed there could well be so many funnels that
they span a substantial portion of configuration space.
D. Contact maps
The contact map provides a highly detailed but concise
summary of the proximity of a configuration to its na-
tive state by showing which site pairs are within contact
9range; it also reveals patterns in the distribution of con-
tacts among chain sites as a function of their backbone
separation and among groups of sites at particular back-
bone locations. It is also possible to forgo these details
and study how the contact formation rate depends on
backbone separation alone, without taking into account
which sites are involved; such results reveal, not unex-
pectedly, that nearby (more “local”) sites generally form
contacts earlier and have a higher overall success rate
(there is the occasional exception). This classification,
however, ignores features that have already been found
to be significant, such as contacts within and between
layers. Although the full contact map is not subject to
this shortcoming, it does have the opposite problem of an
excess of detail, and because sample sizes are smaller due
to each pair of sites being treated separately, the results
are subject to increased statistical noise.
The general arrangement of a contact map is that both
axes correspond to the indices of the sites along the back-
bone; if a pair of sites (i, j) are within contact range then
a spot appears at the corresponding coordinates. Since
the plot is symmetric only half the spots need be shown;
the backbone pairs can be included for reference even
though they are always present. It is possible to extend
this scheme for representing the configuration to produce
a reasonably reliable, low-temporal-resolution history of
the folding process; this is accomplished by replacing the
binary (pair/nonpair) values in the contact map by con-
tinuous values representing the fraction of configurations
sampled in which pairing occurs (including only those
sites that are actually paired in the native state) over
the course of folding, and using either color or greyscale
coding to denote the value. On the assumption that the
contacts that appear more frequently are those that de-
velop earlier along the folding pathway, the history is con-
tained in this generalized version of the contact map; a
considerably less concise alternative would be a sequence
of binary maps corresponding to different times during
the simulation.
The contact maps shown in Fig. 11 incorporate two
different kinds of information. The first is the actual
pattern of contacts appearing in the ground state of the
chain, which is indicated by the presence of spots irre-
spective of their shading; only the results for the shorter
chains are shown because for longer chains the details are
too fine to be reproduced in these small figures. Certain
structural features lead to recognizable patterns in the
contact map, and while particular motifs appear in more
than one map, the overall patterns associated with the
four configurations are seen to be very different (there is
also a systematic dependence on chain length). Contacts
involving nearby (in terms of backbone separation) pairs
appear close to the diagonal; identifiable structural ele-
ments in the native state, such as zigzag layers, spirals
and reversed adjacent layers, correspond to specific spot
patterns.
The other category of information present in the gen-
eralized contact map is a concise representation of the
FIG. 11: Generalized contact maps for cubes of size four (only
chains that fold successfully contribute); shading is used to
indicate the folding history, with darker spots corresponding
to contacts that form earlier (the main diagonal represents
the backbone neighbors).
folding history of the chain ensemble. Since the greyscale
representation embodies the averaged folding history, the
time at which a contact typically appeared can be in-
ferred from the darkness of the corresponding spot (the
use of color increases the temporal resolution, so that
color plots were also used in examining the behavior).
What sort of information can be extracted from maps of
this kind?
Given that in the present model the contacts them-
selves do not contribute directly to the interaction en-
ergy, but only reflect the organization dictated by the
torsional potential, it is not surprising that the maps re-
veal that contacts between nearby sites along the back-
bone tend to appear earlier (there are, for example, no
attractive forces acting directly between distant sites that
could compete against this ordering). The behavior is
not always monotonic, so that in the longer, linear spot
sequences perpendicular to the main diagonal, a feature
associated with configurations of type B and C, both of
which have reversed adjacent layers, there are instances
of more distant backbone sites pairing (on average) prior
to those that are nearby. One could attempt to correlate
specific features in the contact maps with the ability of
the chains to fold successfully; while there are particular
details that are likely to be relevant, such as the presence
or absence of larger groups of spots at various distances
from the main diagonal, the data are probably insuffi-
cient to allow any firm conclusions. What is apparent
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here is that the best folder, type A, has the least amount
of structure of this kind, B and C are similar, while D,
the poorest folder, has the most structure (these obser-
vations also apply to the longer chains). The inclusion
of additional native-state structures in the study might
help elucidate the relationship between contact patterns
and foldability.
IV. CONCLUSIONS
The focus of this paper has been on the folding ability
of model chain molecules with well-defined native states.
While each of the native-state configurations is cube fill-
ing, the paths taken by the chains through the cubes
are different for each configuration, and this difference
– which in some sense determines the “accessibility” of
the native state – has a strong influence on the outcome
of the folding process. Unlike the requirement of many
lattice studies, the native-state energy is not markedly
lower than for compact misfolded states; nevertheless,
some of the configurations already achieve high folding
success rates under the conditions of the simulation, and
the results for the less successful cases could be further
improved by slower cooling. The key conclusion is, there-
fore, that if a unique native configuration exists that is
consistent with the interaction potential, the chain is able
– both in principle and in practice – to find it. The diffi-
cult problem, in the context of more realistic models, is
how to formulate such a potential.
The relevance of the study of cubic conformations, de-
spite the fact that such systems have no counterpart
in nature, is the existence of well-defined, unambiguous
ground states. Additionally, the cubic native state is able
to accommodate a combination of both short- and long-
range structural features. The fact that there have been
extensive studies of cubically packed chains using other
simulational approaches is yet another motivating factor.
The advantage of the continuum MD approach is that
efficient collective reorganization can occur, even in rela-
tively compact states, as opposed to the discrete sets of
moves provided by the various Monte Carlo approaches;
the absence of configurational restrictions imposed by an
underlying lattice allows for continuous conformational
change, an important capability for partially-collapsed
chains.
The most obvious limitations of the model, in its
present form, is that the only interactions included, aside
from excluded volume, are of torsional type, and that
no solvent is included. Neither shortcoming is difficult
to overcome in principle. Additional interactions could
be included if there was a specific reason to do so, al-
though consistency of the overall potential with the de-
sired native state would have to be assured. The inclu-
sion of an inert solvent, modeled using discrete parti-
cles, would slow the dynamics substantially and require
additional computation to handle the extra degrees of
freedom; it would also be possible to incorporate specific
chain–solvent interactions (to mimic hydrophobicity for
example), but this, too, would be a complicating factor
that the deliberately simple design of the present model
is aimed at avoiding.
Even with these simplification, the model has been
shown to display a range of physically interesting and rel-
evant kinds of behavior. All the observations are based
on a chain model whose interactions have been designed
without any specific folding scenario in mind (aside from
the chosen native state); nevertheless, there are certain
identifiable aspects of the mean behavior that merit at-
tention, such as the tendency in certain configurations
for the core sites to form contacts earlier, for layers to
become organized first, and for the correct folding path-
way to be correlated with a slower overall collapse (as
measured by the radius of gyration). Such features cor-
respond to generic behavior, so that simple models of this
kind can be used as reference systems when investigating
more highly refined designs. If additional features are
able to produce little more than already occurs in the
simplest of models, then they clearly fail to advance the
state of the art.
What lessons emerge from these results insofar as pro-
tein folding is concerned? Each of the cases studied has
a single minimum (free-) energy collapsed state and a va-
riety of misfolded states with very similar energies. Thus
there is no global minimum state that is well-separated
from the many local minima, and on the basis of energy
considerations alone it is not possible to reach any conclu-
sions about the folding capability of each kind of chain.
The intuitive but non-quantifiable notion of accessibility
– the ability of the chain to go where it needs to be –
plays an apparent role, since it reflects the robustness of
the chain in resisting the consequences of incorrect en-
tanglement; partially entangled states occur often along
a folding pathway, but their effect is transient if escape
is possible. It is clear from the present results that even
the simple chain models studied here differ greatly in this
respect.
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